We reformulate the Hamilton-Jacobi tunneling method for calculating Hawking radiation in static, spherically-symmetric spacetimes by explicitly incorporating a preferred family of frames. These frames correspond to a family of observers tied to a locally static timelike Killing vector of the spacetime. This formulation separates the role of the coordinates from the choice of vacuum and thus provides a coordinate-independent formulation of the tunneling method. In addition, it clarifies the nature of certain constants and their relation to these preferred observers in the calculation of horizon temperatures. We first use this formalism to obtain the expected temperature for a static observer at finite radius in the Schwarzschild spacetime. We then apply this formalism to the Schwarzschild-de Sitter spacetime, where there is no static observer with 4-velocity equal to the static timelike Killing vector. It is shown that a preferred static observer, one whose trajectory is geodesic, measures the lowest temperature from each horizon. Furthermore, this observer measures horizon temperatures corresponding to the well-known Bousso-Hawking normalization.
spacetimes. We formulate the Hamilton-Jacobi tunneling method with respect to an orthonormal frame based on the chosen static timelike Killing vector. We show that by doing so, certain issues with coordinate invariance and canonical invariance are resolved. An added benefit of this formalism is that it allows calculation of temperature for static observers at finite radius. Furthermore, it lends itself quite naturally to spacetimes that do not possess asymptotic regions, such as Schwarzschild-de Sitter (SdS) spacetime.
The organization of the paper is as follows: In section 2 we formulate the tunneling calculation of Hawking radiation in the Hamilton-Jacobi formalism for static, spherically-symmetric spacetimes with explicit reference to an orthonormal frame based on the static timelike Killing vector. The resulting formulation yields a manifestly coordinate independent and canonically invariant temperature. We then show that a static observer in the spacetime measures a temperature that is scaled by the inverse length of the timelike Killing vector evaluated at the observer's radius. In section 3, we apply this formalism to the SdS spacetime. We compute the temperature of each horizon for a family of static observers. We show that the lowest temperature of either horizon is measured by a preferred static observerone whose trajectory is geodesic -and that the temperatures measured by this preferred geodesic observer correspond to the well-known Bousso-Hawking normalization. We conclude with a discussion of these results and possibilities for their generalization.
II. COORDINATE INDEPENDENT FORMULATION OF TUNNELING
In quantum field theory in curved spacetime (See, for example, [16] ), the quantization of a free scalar field involves a) solving the classical scalar field equation to find a complete set of orthonormal states, b) a division of this set into two subsets; those of positive energy and those of negative energy, and c) the construction of the quantum field operator by promotion of the Fourier coefficients of the complete set to creation and annhilation operators, the choice being dependent on the sign of the energy. When the background is Minkowski spacetime, the split into positive and negative energy modes is usually made with reference to a global static Killing vector (for example t µ = ∂ t in the coordinates ds 2 = −dt 2 + dx 2 + dy 2 + dz 2 ). This split is Lorentz-invariant; consequently there is a unique Lorentzinvariant Minkowski vacuum. In curved spacetime, or for choice of static Killing vector that is not global (such as that given by t µ = ∂ t in ds 2 = −a 2 x 2 dt 2 + dx 2 in Rindler coordinates for two dimensional Minkowski spacetime) the split into positive and negative energy sets is not preserved by the natural classical symmetry of curved spacetime, diffeomorphism invariance. Consequently, and famously, different choices for the timelike vector used to define the split between positive and negative energy modes may lead to inequivalent vacua. One of these inequivalent vacua may be a thermal state, or exhibit infinite particle production when this state is exhibited in terms of an alternate set of modes corresponding to a different vacuum. Hence specification of the timelike vector used to define the split of modes is key to the definition of the vacuum and its properties as seen by its observers.
In contrast, in the calculation of temperature through tunneling methods, no explicit identification of positivity of energy is made. Instead, the identification of the positivity of energy is implicit in the coordinatization and anzatz used for the calculation of the imaginary part of the action. However, we can remove this implicit identification by carrying out the analysis through an explicit introduction of the preferred orthonormal frame associated with the static Killing vector. For clarity, we will carry out this construction for the simple case of a static spherically-symmetric spacetime in the Hamiton-Jacobi formalism.
Consider a general spherically-symmetric, static spacetime with a locally static timelike Killing vector, k µ with norm k µ k µ = −f , and spatial Killing vectors, ξ µ i , i = 1, 2, 3 which are generators of an SO(3) algebra, which commute with k µ and which act freely on the spacetime whose orbits are spatial spheres. A family of static observers whose 4-velocities are proportional to the timelike Killing vector is given by
This family can be taken as the timelike vector field of a spherically-symmetric orthonormal frame, e µ r , e µ j , j = 1, 2 chosen such that L k e r = L k e j = 0 and L ξi e r = 0, where L denotes the Lie derivative. The metric for a static spherically-symmetric spacetime can be expressed in terms of this orthonormal frame as
where η ab is the Minkowski metric. An example of such an orthonormal frame for a commonly chosen coordinate chart given in the Appendix. The derivation that follows, however, does not rely on this chart.
The Killing vector field k µ is timelike in the region where f > 0. The Killing horizon is a connected set of points where f vanishes that form a null hypersurface. The Killing horizon and the black hole horizon coincide in the Schwarzschild spacetime. However, Killing horizons need not be black hole horizons: the Killing horizon of the de Sitter spacetime and the Killing horizons of the Nariai spacetime are cosmological horizons.
We now formulate the Hamilton-Jacobi tunneling method of [5] by explicit inclusion of the above family of orthonormal frames. The classical action, S, is taken to satisfy the relativistic Hamilton-Jacobi equation g µν ∂ µ S∂ ν S + m 2 = 0. Writing g µν in terms of the orthonormal frame yields
We now make the anzatz that the dominant contribution to the amplitude is the s-wave, or most symmetric one; consequently, S must be invariant under rotations:
It follows that e ν j ∂ ν S = 0 for the angular basis vectors. As there is a further symmetry generated by k µ , S must be covariantly constant under its action:
where α is a constant. The physical interpretation of this is that ∂ µ S is cotangent to a geodesic and α is a conserved quantity along that geodesic.
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Now, e µ r ∂ µ = ∂ ∂σ is the derivative with respect to the proper distance and therefore
where ± corresponds to outgoing (+) and ingoing (-) particles and Γ is a function of integration independent of σ.
∂λ is the derivative with respect to the the parameterization coordinate of the Killing vector, λ, and k µ ∂ µ S = −α,
where Γ ′ is a function of integration independent of λ. Putting these together for the case of massless particles, m 2 = 0, yields
where C is an arbitrary constant of integration whose significance will be explained shortly. An imaginary part of (7) comes from either a pole in the integral over proper distance (8) and/or from a complex part of the constant C. The presence of a pole corresponds to a Killing horizon for the static Killing vector. The expression for the action in (7) is very similar to the standard anzatz, S = −Et+W (r)+C, for s-wave solutions in the Hamilton-Jacobi formalism but there are a few important key differences.
First, as (8) is expressed as an integral over the proper distance, it is manifestly coordinate invariant. In the standard formulation, the Hamilton-Jacobi method introduced the proper spatial distance after the related term was first formulated in a coordinate chart as a means to circumvent certain problems in computation [5] . Here, the integration over proper distance occurs naturally through the formulation in terms of the static orthonormal frame.
Second, the constant α is no longer identified with the energy of the null s-wave; rather it is a constant of the motion. In order to identify it with an energy, one needs to utilize the orthonormal frame associated with an observer who will see that energy. In particular, the energy seen by a static observer at spatial point 0 is given by
where f 0 is evaluated at the position of the static observer. Clearly, in Schwarzschild spacetime, the energy seen by a static observer at infinity, E ∞ , is identical to α because f ∞ = 1. In previous implementations of tunneling methods, this identification has been implicitly carried out; the constant E used in the usual anzatz is the energy seen by a static observer at infinity, E ∞ . Application of these techniques in de Sitter spacetime also implicitly choose this constant to be related to a single preferred observer, in this case one at the origin of the static chart, where f 0 = 1.
However, for more general spacetimes there may be no position p at which f p = 1. Therefore, is not clear what the application of the standard formula for temperature obtained by tunneling methods means in such spacetimes as it is not clear where that temperature is measured. In contrast, our formulation makes precise the relation between the constant α and the energy seen by a static observer at any position. Therefore it can be applied in any static spacetime to obtain a physically meaningful result for any static observer. Third, our derivation clearly demonstrates that λ is an everywhere real parameter that parameterizes integral curves of the Killing vector k µ . This parameter, of course, remains real regardless of whether the Killing vector is timelike, spacelike or null. It follows that in the Hamilton-Jacobi anzatz the parameter t is also an everywhere real parameter associated with the timelike Killing vector used in the formulation. This point has led to some confusion in the literature. It was stated in [22, 23, 24] that there is an imaginary contribution to the action from the −Et contribution to the action because t and r change their timelike and spacelike nature as the horizon is crossed. Our derivation shows that this is clearly not the case. It is therefore evident that the only imaginary contribution to the action can come from W and C in (7) .
Finally, it is now manifest that the existence of an imaginary contribution to the action is associated with an integral through a Killing horizon: if there exists a simple pole in the integrand of (8) then the action picks up an imaginary part. Since it is the Killing horizon that is of interest, the imaginary contribution to the action is, of course, dependent upon the choice of static Killing vector and hence so is the horizon temperature. This makes explicit where the choice of vacuum enters in the tunneling formalism. Inequivalent static timelike Killing vectors correspond to potentially inequivalent vacua so the temperature calculated depends on the choice of the Killing vector. This formalism is, however, independent of the coordinate chart that the Killing vector is expressed in. This identification is implicitly carried out in the use of the static chart in the Hamilton-Jacobi method [5] ; our formulation shows that the key factor is the norm of the Killing vector, not use of the static chart. The integration over proper distance (8) can be implemented in different coordinate charts; however, all charts will yield the same final answer as illustrated in the Appendix.
At this point, the remaining issue is a proper evaluation of the integral (8) and its use in the calculation of the temperature. We begin by reviewing the discussion of the issues involved in this as discussed previously in the literature.
Since the timelike Killing vector has vanishing norm on the horizon, both the ingoing and outgoing particles have a pole at the horizon that needs to be accounted for. Therefore W will have an imaginary contribution for both ingoing and outgoing particles. If one requires that the probability of absorption be unity in the classical limit, then, as pointed out by Mitra in [14] , the constant of integration, C, should be allowed to be complex and its value chosen to ensure this. This requirement fixes ImC = −ImW − where W − is the amplitude for ingoing particles. Now, in any static chart the imaginary part of the action for an ingoing particle is related to that of an outgoing particle, W + , by ImW − = −ImW + . It then follows that the imaginary part of the action for outgoing particles is given by ImS = Im(W + + C) = 2ImW + .
Using Schwarzschild coordinates to evaluate W + produces a temperature that is twice the Hawking temperature [5] . This factor of two in the temperature corresponds to a factor of one half in the imaginary part of the action. However, the previous argument implies that the imaginary part of the action for outgoing particles is actually equal to 2ImW + , not W + . Hence the factor of one half is cancelled by the factor of two included by properly accounting for ingoing particles. In summary, the standard Hawking temperature is recovered by taking detailed balance into consideration.
However it was alternately proposed in [5] that to remove this factor of two from Schwarzschild coordinates, one should use a coordinate chart regular on the horizon, the natural choice involving the proper distance. In doing so, the authors were able to reproduce the standard Hawking temperature without including the factor of two from detailed balance. However, since the coordinate chart used in [5] is also static, detailed balance should apply in this case as well. Doing so will introduce a factor of one half in the temperature. Thus there is now, naively, the opposite discrepancy: A calculation in Schwarzschild coordinates yields the proper Hawking temperature whereas one in proper spatial distance seemingly yields half the Hawking temperature if detailed balance is taken into account.
We have argued, however, that our formalism is independent of the coordinate chart used to express the timelike Killing vector. Indeed, (8) is formulated in terms of proper distance alone. Hence it should yield the Hawking temperature. Moreover, when its evaluation is carried out in different coordinate charts, all should yield the same temperature as well. This is indeed the case; the proper choice of contour in the integral over proper distance for the detailed balance approach yields the desired result.
To see this, note that for a static spacetime, if f < 0 inside the Killing horizon then e µ t is a spacelike vector and e µ r is a timelike vector inside the Killing horizon. This implies that the infinitesimal proper distance dσ, thought of as the square root of e µ r e rµ , and consequently the proper distance itself are both imaginary inside the horizon. In order to capture the notion of tunneling from inside the Killing horizon to outside, the lower bound in terms of σ must be imaginary; of course the upper bound will remain real. Hence we argue that one ought to use the quarter-contour shown in Fig. 1b . In our coordinate-invariant construction, the quarter-circular contour is essential and arises naturally from the formulation of the integral in terms of proper distance. The imaginary contribution to the action comes from jumping around the pole, hence the quarter-circular contour yields an imaginary contribution which is half that obtained using the semi-circular contour. Hence the same factor of one half that appeared when using Schwarzschild coordinates is seen to appear when using proper distance. This factor of one half will cancel the factor of two when taking detailed balance into account. The temperature now follows by the standard identification. If the static spacetime has a simple pole at the Killing horizon, then the imaginary part of the integral in (8), using the proper contour, results in ImW + = − π 2 αP where P is a constant depending on the details of the spacetime. Hence, since 2ImS = 4ImW + , one finds 2ImS = −2παP . Now note that a thermal distribution as seen by a static observer at a spacetime point 0 is given by e −β0E0 , where E 0 is the energy of the radiation as measured by the observer. The tunneling probability at this point is similarly given by e 2ImS . Connecting the tunneling probability with the thermal emission distribution gives β 0 E 0 = 2παP . Next, recall that (9) yields E 0 = α/ √ f 0 . Thus
For asymptotically flat spacetimes, the inverse temperature at asymptotic infinity, where f = 1, is given by β H = 2πP , which is the inverse of the standard Hawking temperature. Explicit calculation for Schwarzschild spacetime yields P = 
Hence the temperature, T 0 = β −1 0 , as seen by a static observer scales by a factor inversely proportional to the norm of the static timelike Killing vector evaluated at the observer's position; this is the expected result of Tolman [25] . Thus our derivation yields the Hawking temperature for an observer at infinity in an asymptotically flat spacetime as well as the more general formula for the temperature seen by static observers at any position.
Finally, note that 2πP = 1 α W where W is integrated on a closed contour around the pole at the Killing horizon. Consequently, the temperature is manifestly invariant under canonical transformations as it should be as noted in [13] .
Although the above calculation is given in terms of proper distance, if desired, one can then make an appropriate coordinate transformation and correspondingly change the contour to suit the new chart. This change in contour with change in coordinates has been previously noted; for instance, in [26, 27] , isotropic coordinates are used with a quarter-circular contour while Schwarzschild coordinates are used with a semi-circular contour Fig. 1a . A related comparison of various coordinate charts for 2D stringy black holes is given in [28] . Near the horizon, the isotropic radial coordinate, ρ, and the Schwarzschild radial coordinate, r, are related to the proper distance via (ρ − ρ h ) ∝ σ and (r − r h ) ∝ σ 2 , where ρ h and r h denote the position of the horizon in the respective coordinate charts; it is the respective linear and quadratic dependences on σ in these two charts that dictates which contour must be used.
Finally, note that in the literature, for example in [5, 12] , the integral dσ σ is sometimes evaluated using the contour shown in Fig. 1a , or an equivalent variation thereof. However, if this contour is used for integration in proper distance directly, it integrates from real negative σ to real positive σ around the pole; a factor of two is erroneously included.
We conclude with a simple application of this formalism, to flat spacetime in two dimensions. For this case, the static chart can be given in the form
If one chooses the global timelike Killing vector for Minkowski spacetime, which can be coordinatized in the form (12) with f (x) = g(x) = 1, one sees that (8) is purely real. Thus, as expected, there is no Hawking radiation as there is no Killing horizon and the vacuum is the Lorentz-invariant Minkowski vacuum. In contrast, the choice of a locally static timelike Killing vector physically associated with accelerated observers in flat spacetime can be given in the form of (12) with f (x) = a 2 x 2 , g(x) = 1 where a is the observer's acceleration. This choice of Killing vector yields a Killing horizon at x = 0 and hence (8) is complex. Direct calculation, for example by using the formulas given in the Appendix, shows the temperature of this horizon is given by T = a 2π , which is the standard Unruh temperature 2 . A different coordinatization of the same locally static timelike Killing vector is given by (12) 
In these coordinates, the observer is located at x = 0 and there is a Rindler horizon at x o = ±a −1 . Evaluation yields T = a 2π for the observer at this position, again agreeing with the Unruh temperature, as it ought to. This example demonstrates explicitly that different choices of the timelike Killing vector correspond to different choices of the vacuum, while different parameterizations of the same Killing vector yield the same vacuum: choosing the global Killing vector yields an observer who sees an empty vacuum whereas choosing the locally static Killing vector yields one who sees a thermal bath.
III. TEMPERATURE IN SCHWARZSCHILD-DE SITTER
A convenient calculation of the temperature for static spacetimes is given by its identification with the periodicity of the time coordinate needed to construct a smooth instanton by Euclideanization [18] . Euclidean methods can be applied to spacetimes with positive or negative cosmological constant, however a straightforward application of these methods fails for spacetimes with multiple horizons such as the Schwarzchild-de Sitter and Reissner-Nordström-de Sitter solutions. In general, the Euclideanized solutions corresponding to these spacetimes can not be made regular by a single choice of periodicity for the time coordinate as regularity at each horizon requires a different periodicity.
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The interpretation of this fact is that the horizons are at different temperatures. This interpretation is independently supported by quantum field theory calculations, which find no choice of vacuum that removes divergences on both horizons [20, 21] .
The treatment of Hawking radiation as a local tunnelling process provides an alternative to Euclidean and field theoretic computations of temperature. It is therefore interesting to see if its application to the case of SdS sheds light on this meaning of temperature in this spacetime.
The analog of the Schwarzschild solution in the presence of a positive cosmological constant is the Schwarzschild-de Sitter spacetime. Its line element in the static chart can be written as
where
dΩ 2 is the round metric on the unit 2-sphere, M is interpreted as the mass of the black hole and Λ is the cosmological constant.
2 One might be worried about the normalization factor of f 0 −1/2 introduced in our construction. Recall that the Rindler observer is at a position x 0 = a −1 away from the Rindler horizon. Therefore, f 0 = a 2 (a −1 ) 2 = 1 so the normalization factor, although still present, is trivially unity. 3 Exceptions to this circumstance occur for certain parameter values; for example the lukewarm ( Q 2 = M 2 ) Reissner-Nordström-de Sitter black hole has a regular Euclideanization [19] .
There exist three real roots of f (r) = 0, two positive and one negative, provided Λ takes values in the range 0 < Λ < 1 9M 2 ;
where l = (9M 2 Λ) −1/2 and R = cos 1 3 cos −1 1 l evaluated using the smallest angular value of cos −1 . Note l ≥ 1 for 0 < Λ < 1 9M 2 . The two positive roots determine the positions of the black hole horizon r h and cosmological horizon r c ; r 1 is always a real root of the cubic no matter the range of Λ but has no physical significance.
Clearly the SdS solution is static and the Killing vector has length
Hence, an application of the results of the last section show that an observer at radius r situated in the static region between the two horizons sees the temperatures
where subscripts h and c denote the black hole and cosmological horizons respectively. The cosmological horizon temperature has a minus sign with respect to the black hole temperature because the null waves in that case are moving inward; the temperature is therefore still positive. The temperature of each horizon as seen by a static observer in this region varies with position.
There is a preferred observer in the SdS spacetime at a particular radius, r o , where the gravitational attraction to the black hole is exactly balanced by the cosmological inflation. To find this observer, note that the effective potential,
2 , has a maximum between the two horizons. Hence there is a geodesic at this maximum, whose 4-velocity is proportional to the static Killing vector. The energy per unit rest mass of the observer at this critical radius is given by ǫ o = 1 − (9M 2 Λ) 1/3 so if an observer is stationary at r o with an initial energy per unit rest mass of ǫ o , then that observer will stay stationary at this radius. This observer measures the lowest temperature out of all other static observers. The lowest temperature is at the point where d dr |k| −1 = 0; this point is again r o . Thus we define the temperature of the horizons for SdS spacetime to be
These normalized temperatures exactly correspond to the Bousso-Hawking normalization [31] . Hence this formulation of tunneling produces a direct connection between these normalized temperatures and the observers who measure them. This result is in contrast to that of [32] which, although the Bousso-Hawking normalization was used, concludes that both horizons are at the same temperature. It was stated in [32] that in a multiple horizon spacetime, an effective temperature can be defined by means of defining an effective horizon. This idea of an effective horizon, however, leads to logical complications. The motivation for the effective horizon comes from a complex path approach in which the path is chosen to start inside the black hole horizon and end outside the cosmological horizon. In this way, there is a contribution to the imaginary part of the action from both horizons, which is proportional to the inverse harmonic sum of the horizon surface gravities. The approach employed in [32] yields the same temperature for all horizons because all temperatures contain the same inverse harmonic sum of all other horizon surface gravities. Now consider a hypothetical spacetime comprised of a number of concentric horizons with an observer stationed inbetween two of them. With this picture, if the temperature of the spacetime is defined via an inverse harmonic sum of the surface gravities of all horizons present, one would have direct access to information beyond a horizon just by measuring a temperature, i.e. they would be able to make conclusions about the structure of spacetime in regions to which they do not have access. Instead, we argue the observer would only be able to measure the temperatures of the two horizons that bound their region of spacetime. In particular, the problem with this implementation of the complex paths approach is that one ought to take the path from inside each the horizon out to the observer, i.e. evaluate along two separate paths, one for each horizon in order to compute each temperature. Now, if a spacetime has multiple horizons and a thermometer is placed somewhere in the spacetime, one should be able to read off a single temperature and so the idea of defining an effective temperature is well-warranted, albeit a little subtle. The temperature of the radiation is defined by the emitted radiation forming a black-body spectrum. If blackbody A is at temperature T A and blackbody B is at temperature T B , then the spectrum obtained from combining the radiation emitted by both A and B will form the sum of the two blackbody spectra of A and B. This combined spectrum generically will not resemble another blackbody spectrum at some intermediate temperature T
′ . Thus, in a multiple horizon spacetime, the radiation that an observer measures will simply be the sum of the various thermal spectra of the observable horizons, so one must ask what temperature a thermometer would measure if it were subject to multiple blackbody spectra at once.
IV. SUMMARY AND DISCUSSION
We formulated the Hamilton-Jacobi tunneling method in a coordinate-free form via constructing a family of static orthonormal frames determined by the choice of a static timelike Killing vector. Using this formulation we were able to elucidate the role of the timelike Killing vector and its connection to the temperature. This allowed a derivation of the horizon temperatures in a manifestly coordinate-invariant form. This construction illuminates the place where the vacuum is chosen in the tunneling methods: the energy of the null waves is linked to the static timelike Killing vector and it is in choosing this vector that corresponds to the distinction between positive and negative energy modes in the field theory approach. This connection to the timelike Killing vector was previously obscured because all calculations were done in a coordinate dependent form.
Furthermore, this formulation allows the direct calculation of horizon temperatures as seen by any static observer. Previous formulations of the tunneling method, however, usually either implicitly assume an observer in an asymptotic region where the timelike Killing vector has unit length or compute a temperature in a spacetime without explicit identification of the observer who would detect it. The formalism presented herein makes no such assumption and lends itself quite naturally to spacetimes that do not contain asymptotic regions. As a direct application of our formalism, we have shown that different choices for the timelike Killing vector in two-dimensional flat space gives rise to physically distinct vacua, one being the Lorentz-invariant Minkowski vacuum measured by an inertial observer and the other being the Unruh thermal bath measured by an accelerated observer.
Application of the tunneling formalism to the Schwarzschild-de Sitter solution yields black hole and cosmological horizons at different temperatures without the issues in interpreting a Euclidean instanton whose conical singularities from both horizons cannot be smoothed simultaneously. Instead of an asymptotic observer, there exists a geodesic observer at constant radius who measures the lowest temperature from each horizon than any other static observer. This static, geodesic observer was then used as the reference observer in SdS and the properly normalized temperature measured by this reference observer was shown to correspond to the Bousso-Hawking normalization.
The primary utility in treating Hawking radiation as a quantum tunneling phenomenon comes from its treatment as a local process -indeed this is the nature of its ability to avoid certain issues that plague the Euclideanization method. Previous formulations of Hawking radiation as quantum tunneling, however, still had their shortcomings. It was unclear that there is an important and explicit role played by the timelike Killing vector and it was not obvious why the tunneling formulation is not invariant under coordinate transformations. The formulation of the Hamilton-Jacobi tunneling method in terms of a family of static, orthonormal frames explicitly tied to a preferred, static, timelike Killing vector, as presented in this paper, is a step in the direction to solving these shortcomings. It would prove beneficial to generalize our results to stationary and axially-symmetric spacetimes to further elucidate the roles of specific symmetries in the tunneling formalism.
Very recently, while this paper was being prepared, Cai et al. pointed out the tie between an observer and the Kodama vector [34] in the context of identifying the apparent horizon leading to a thermal temperature in a FRW universe [33] . This interesting paper used the Kodama vector to identify the energy used in the tunnelling formalism for the temperature calculation, similar to our use of the Killing vector in the calculation of the action. However, the rest of the calculation was carried out with reference to a particular coordinate chart and makes the usual implicit identification of the preferred observer. It would clearly be interesting to extend our construction to this case as well.
Now, in the coordinates of (22) , f (σ) = κ 2 σ 2 and g(σ) = 1, so the factor in front of the integral of (21) becomes √ 2α √ 2κ 2 = α κ . Hence the seemingly disparate forms of the integrals (20) and (21) yielded by different coordinatizations of Schwarzschild spacetime yield the same result.
